An Infinite Sequence of Additive Channels: 
the Classical Capacity of Cloning Channels 
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Abstract — We introduce an infinite sequence of quantum clian- 
nels for wliicli tlie Holevo capacity is additive. Tlie cliannel series 
is closely related to the quantum channels arising from universal 
quantum cloning machines. The additivity proof is motivated 
by a special property the studied channels enjoy: the property 
of conjugate degradability. As a consequence of the announced 
proof, we also provide an easy way of proving the additivity of 
the Holevo capacity for the original Unruh channel for which the 
quantum capacity is already known. Consequently, we present 
not only an infinite series of finite-dimensional channels but also 
a nontrivial example of an infinite-dimensional channel for which 
the classical and quantum channel capacities are easily calculable. 

Index Terms — additivity question, classical and quantum ca- 
pacity, degradable channels, Unruh channel 



I. Introduction 

Recently, a notorious open problem in quantum information 
theory known as the additivity of the Holevo capacity was 
finally resolved [1] with the negative answer. The article 
culminated a long period of waiting for the answer to the 
question (later a conjecture) which appeared shortly after 
people started to ask about the role of quantum correlations for 
information theory [2]. The former conjecture states that en- 
tangled states do not improve the classical capacity of quantum 
channels. Quantum channel J\f is a completely positive (CP) 
map N : ^(^y') ^ ^(^L?)- ^i^^'-'^^) is the state 
space for a A'— dimensional Hilbert space J^^^^ occupied by 
Hermitean operators of trace one. The ultimate formula for the 
classical capacity is C = lim„^oo Ti^Hoi (A/"®"). ChoKA/") is 
the Holevo capacity of a channel J\f [3] defined as 



Choi(AA) 



df 



sup 

{PiBi} 



(1) 

where {piQi} is the input ensemble g = YlLPiQi ™d S{a) = 
— Tr cr log a is the von Neumann entropy The calculation 
of C appears to be an intractable problem. The conjecture 
claimed that ChoKM (g) 7V2) = CuoiiJ^i) + ChoKAAz) for 
arbitrary channels A/i, A/2. This condition is slightly stronger 
(strong additivity) than if A/i = A2 (weak additivity). One 
can immediately see how the calculation of C might have 
been much simpler if the conjecture had been correct. Let us 
stress, however, that even if the conjecture does not hold in 
general there are important classes of channels for which it 
holds [9], [10]. 

The final disproof of the conjecture would not be possible 
without many important intermediate results. First, it was 
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shown that the additivity of the Holevo capacity is globally 
(that is, not for a particular channel) equivalent to other 
additivity questions [4], particularly to the additivity of the 
minimum output entropy (MOE) [5]. The MOE belongs to 
the more general class of entropies known as the minimum 
output Renyi entropy (MORE). The MORE of a channel TV 
is defined 



omin 
Dp 



{Af) = min 

B 



{Sp{N{g))}, ge^iJ^n), (2) 



where Sp{g) = (1 — p)^^ logTr gP is the Renyi entropy (for 
p 1+ we get the von Neumann entropy). The MORE 
conjecture was disproved for various intervals of p (for p > 1 
in [6] and for p ^ in [7]) and, as indicated, at last also 
for p = 1 [1]. Note that by the concavity of entropy we may 
restrict ourselves to the minimization over input pure states. 

The question of additivity of the classical and quantum 
capacity comes from the analysis of an infinite-dimensional 
channel which appears in the context of quantum field theory 
in curved spacetime - the Unruh channel [21]. The Unruh 
channel occupies an important place in the field of relativistic 
quantum information and quantum field theory due to its close 
relationship to the process known as black hole evaporation or 
more generally the process of black hole stimulated emission. 
Interestingly, the Unruh channel decomposes into a sequence 
of finite-dimensional channels which is closely related to the 
channels arising from universal quantum cloning machines 
(UQCM) for qubits [13]. We will call them cloning channels 
and we will prove that there exists a single-letter formula 
for the classical capacity for all of them. It is known that 
cloning channels are conjugate degradable. Channels are called 
conjugate degradable by virtue of existence of a conjugate 
degrading map transforming the output of the channel to 
its complementary output up to complex conjugation. It has 
been recently shown that the optimized coherent information 
of conjugate degradable channels is additive [24]. Therefore, 
as a result of this paper we obtain an infinite sequence of 
channels for which both the classical and quantum capacity 
can be calculated in an easy way. As an aside we will 
show that all studied cloning channels are not only conjugate- 
degradable but also degradable. Originally, this seemed to be 
a difficult task to directly [13] prove it. Here we found a 
relatively straightforward way to show this fact and conjugate 
degradability of cloning channels again played an important 
role in the proof. The second main result of this paper is 
the proof of additivity of the Holevo capacity for the Unruh 
channel itself. It provides us with a non-trivial example of an 
infinite-dimensional channel for which both the classical and 
quantum capacity are known and easily calculable. 
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In section we briefly recaU the properties of the Unruh 
channel [21] and present its decomposition into a sequence 
of finite-dimensional channels. Section |III] contains the main 
result of the paper. Using the structure of cloning channels 
we prove in the first part that (i) the Holevo capacity of 
cloning channels is additive and (ii) all cloning channels are 
degradable by showing that their complementary channels are 
entanglement-breaking. In the second part of section |III] we 
prove the additivity of the Holevo capacity for the infinite- 
dimensional Unruh channel. We conclude the paper with a 
technical tool to actually determine the form of degrading 
channels for cloning channels and illustrate it on a few 
examples. 

If not stated otherwise, note that in this paper by additivity 
of a channel we mean strong additivity of the Holevo capacity. 

II. Unruh channel 

In this section we briefly review the definition and properties 
of the Unruh channel [21]. The channel naturally appears 
as the transformation of a photonic qubit prepared by a 
stationary Minkowski observer if it is detected by a uniformly 
accelerated observer It is well known that inertial and non- 
inertial observers cannot agree on the notion of a particle. The 
most dramatic example is the Minkowski vacuum seen by an 
non-inertial observer as a thermally populated state [22]. 

In the same spirit, a pure qubit prepared in the Hilbert space 
of a Minkowski observer is seen as an infinite-dimensional 
mixed state in the Hilbert space of the accelerated observer 
The responsible transformation reads 

TT , ,(r^ — 1 „tanhr(ate^+fctrft) 
^abcdV ) - cosher ^ 

^ 111 cosh r(a^a+?j^ fc+c^c+(i^ rf) tanh r(ac+bcZ) ^^-j 

where r is the proper acceleration of the inertial observer For 
an input state \tp) = {f3b^ + aa^) |vac), we can further simplify 

10) = Uabcd{r) IV') as 

10) = 1/ cosher (/^fot + aa^) exp vac) . 

(4) 

From a physical point of view, the modes c, d appear beyond 
the event horizon of the accelerated observer and are therefore 
unobservable. Tracing over them, we get a state with an 
interesting structure, further investigated in [21]. If we reorder 
the basis according to the total number of incoming photons 
in modes a and 6, we obtain an infinite-dimensional block- 
diagonal density matrix 

oo 

a = l/2il-zf^ii£-l)z'-he, (5) 

£=2 

where < z < I, z = tanh^ r. The states ei and the 
corresponding quantum channel will be studied in the next 
section. 

The transformation leading to Eq. ^ has akeady been 
studied before in a slightly different context. The authors 
of Ref. [11] analyzed the process of black hole stimulated 
emission induced by impinging photonic qubits. The stim- 
ulated emission dynamics is governed by exactly the same 
Hamiltonian as the one leading to the unitary operator Uabcd- 



The reason for this formal similarity lies in the linear relations 
known as Bogoliubov transformation [12]. Bogoliubov trans- 
formation connects the creation and annihilation operators of 
the Hilbert space of a Minkowski observer and a uniformly 
accelerating observer in our case and similarly the Hilbert 
space of a freely falling observer and an observer in a distant 
future in case of Ref. [11]. In the former case the physical 
parameter of the evolution operator is the proper acceleration r 
and in the latter case it is the black hole surface gravity 0. Even 
more interestingly, as observed in [11], the same Hamiltonian 
is closely related to the N M universal cloning machine 
for qubits [13] ii = M + 1). In other words, if an observer 
throws an A^— qubit photonic state into a black hole (the state is 
already symmetrized due to the bosonic nature of the photons) 
another observer in a distant future gets M approximate copies 
depending on the total number M of photons he measures. We 
will study the explicit output of Eq. (|5]l which corresponds to 
the case of 1 ^ (£ — 1) cloning machines. 

III. Additivity of the classical capacity 
A. The classical capacity of cloning channels 

The previous section served as a physical motivation for the 
appearance of UQCMs for qubits. In this section we observe 
that the cloning channels 'constitute' the corresponding Unruh 
channel in a very specific way. Namely, we will show that 
the additivity of the Holevo capacity for the 1^2 cloning 
channel implies the additivity of the Holevo capacity for all 
1 — > — 1) cloning channels (that is for all t > 3). Another 
consequence will be the proof of additivity of the Holevo 
capacity for the Unruh channel itself. 

We first recall the definition of unitarily covariant channels 
introduced in [16]. 

Definition 1: Let G be a unitary compact group of Lie type 
and let ri{g) e ^m,f'2{g) & J^out be iiTeps of g £ G. A 
channel Af : ^{j^m) =^(=^ut) is unitarily covariant if 

^{ri{g)gri{gy)^r2{gW{g)r2{gy (6) 

holds for all g. 

In the following text, by covariant we mean unitarily covariant. 
It has been shown that for any covariant channel the following 
equivalence condition holds 

GHoi(AA)-log/-5™"(AA), (7) 

where / — dimJ^uf Nevertheless, for Eq. (|7]i to hold 
the conditions in Definition [1] are not necessary and can be 
relaxed [17]. 

Let us stress that we will leave the domain of the Fock space 
and adopt new notation. From now on, |n) represents a qudit 
living in an abstract Hilbert space and not a Fock state 
of n photons like in Section The reason is that the Fock 
space formalism is a bit clumsy for the quantum information 
considerations which will follow. We will make occasional 
connections from one formalism to another to avoid possible 
confusion. 

^Note that the particle-antiparticle basis used in [11] exactly corresponds 
to the dual-rail encoding in which an input state {-ip) is written. 
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Let W be the Hilbert space isometry W : A 



EH such that W{ip) = U^^^J {\ip) ^, \0)) where f/^-^' is a 
iiT— dimensional unitary transformation defined by its action 
on an input pure state \lp) = a |0) +(3 |1) and an ancilla |0) 



r(A') 



EH 



(fc + l)(/c + 2) 



a^Jk — n + 1 |fc — n)^ |n)jj 



+ /3\/rrrT|fc-n+l>£|n)^j, (8) 

(thus K = 2{k + 1)). This unitary operation induces a class 
of CP maps Ei = Tth [W{(p)] = Cli,e-i{(p) which we will 
call 1 {£ ~ 1) cloning channels {£ — k + 2). The explicit 
output of Cli,e^i{(p) and the corresponding complementary 

channel K£„i = Sg_j^{(p) = Tie for an input qubit 

(p = l/2 + n- J(2) read 



-(lW(^-l)/2+ ^ na, 



i—x,y,z 



iii-i) 



£/2+ ^^J, 



(9) 



,(10) 



i—x.y,z 



(i) 

where are related to the ^—dimensional generators of the 
su{2) algebra. The su{2) algebra generators are defined by 
[jf , Ji^)] = 2.//\ = ±ji') and in the above 



equations we use J- 
also defii 
P and h 



ji^-*). We also defined = a/3 + a/3, n 

|2 



1/2 J 



J'y).4''=-^/2{J\ 

i{af3 — al3), Uz — 
n,. For the 



V 

Til, 1 Tiy^ 



|a|' - ana = =- -,oy, 

purposes of this paper we consider only input pure states 
||n||2 = 1. Note that barred operator Ri-i indicates its entry- 
wise complex conjugation which results in transposition for 
density matrices. 

States in Eq. (|9]l are exactly those from Eq. ^ but stripped 
of all quantum-optical interpretations. However, one could get 
the same matrix form from the 1 (£ — 1) UQCM if the 
channel output was rewritten in the completely symmetric 
(fixed) basis of I ~ 1 qubits. Henceforth, contrary to the 
definition of UQCMs we consider cloning channels C^i f_i 
to be CP maps whose output is composed of all £ — 1 clones. 

Comparing an input state Lp with an output ei of Chj-i we 
see that the transformation preserves the Stokes parameters n^, 
even as the dimension of the algebra representation changes. 
We may interpret Cli.i^i as an input state representation- 
changing channel. Similarly, the complementary channels 
S^_i also change the representation of the input state ac- 
companied by transposition (complex conjugation). We will 
make use of this intriguing interpretation of these channels in 
the proof of Lemma [T] Finally, we observe that Cli,i^i is a 
covariant channel (all UQCMs are by definition covariant) and 
so is Si_-^. 

^More precisely, the su(2) algebra is a compact real form of the special 
linear algebra sl{2, C). 




Fig. 1. In the diagram, Cl\ i—\ is a 1 — > — 1) cloning channel with a 
conjugate degrading map "D^. The dotted line signalizing a non-CP map is 
complex conjugation C : Sf-i 



Recall that for £ = 2, CZi i is an identity map and the 
complementary map SI is just an ordinary trace map. Some 
interesting things start to happen for £ — 3 where S2{^) — 
l/3((^ + 1). This is an instance of the transpose depolarizing 
channel (alias the optimal transposition map for qubits) whose 
Holevo capacity is known to be strongly additive [10]. It 
follows that its complement CI1.2 is strongly additive too [18]. 

Theorem 1: Cloning channels Clu-i are additive for 
all £>2. 

Before proving the theorem we first introduce the concept 
of conjugate degradability followed by a useful lemma. The 
definition of conjugate degradability [24] resembles the one 
of degradability [14] which we present for the sake of com- 
pleteness. 

Definition 2: (i) A channel J\f is degradable if there exists 
a map T) called a degrading map which degrades the channel 
to its complementary channel M'^ 



VoAf = N'' 



(11) 



We say that a channel is anti-degradable if its complementary 
channel is degradable. 

(ii) A channel M is conjugate degradable if there exists a 
map T) called a conjugate degrading map which degrades 
the channel to its complementary channel M'^ up to complex 
conjugation C 

VoM = €0^". (12) 
A single-letter quantum capacity formula exists for all degrad- 
able and conjugate degradable channels [14], [24]. 

Lemma 1: The complementary channels of all cloning 
channels C^i £_i are entanglement-breaking. 
Looking at the diagram in Fig.[T]we recall an observation made 
in [24]. The complementary channel of a conjugate degrad- 
able channel is either entanglement-breaking or entanglement- 
binding [19]. The reason is that the transposed output of the 
complementary channel is by definition a positive operator 
and this condition is satisfied only by the two classes of 
channels. If we show that the complementary channels of 
cloning channels Clu-i are entanglement-breaking then the 
Holevo capacity of cloning channels is additive too. It follows 
from the fact that entanglement-breaking channels single- 
letterize the classical capacity [20] together with the result 
of Ref. [18] showing that a channel is additive if and only if 
its complementary channel is additive. Proof: [Proof of 
Lemma [T| Let us first take a look at Fig. |2] representing the 
intricate mutual dependence of Cli^£-i for all £ > 3. By a 
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direct calculation we verify that 5| is entanglement-breaking 
since R2 ^ {1 ® 5|) (<!>+) is a PPT state which stands for 
positive partial transpose. Therefore, it is a separable state 
(the input and output Hilbert space is two-dimensional). As 
a consequence we may write 

i?2 = ^ q^X^ ® = ^ ^ ^^^klJk^ ® (B) 
i i k,l 

where Xi, are positive operators and < < 1, = 1. 

The second equation is valid in general since the su{n) algebra 
generators form an orthogonal basis. To continue let us recall 
how we determine the output of the rest of complementary 
channels S^_i. We found the answer in Eq. (fTol i. We get the 
output state by a mere exchange of the J*^^^ generators of the 
su{2) algebra for higher-dimensional generators J^^^^\ The 
Stokes coefficients stay preserved and is a density op- 
erator for all i. Hence if we write Ri-i = )(<&+) for 
the corresponding (higher-dimensional) maximally entangled 
state $+ then 

i k,l 

is again a valid quantum state (up to the normalization constant 
c). Moreover, the separable form from the middle of Eq. (fTsT l 
is preserved since the Stokes coefficients hidden in ^iki stay 
preserved too. It follows that all S^_i are entanglement- 
breaking. ■ 




c c c 

Fig. 2. The relation among various cloning channels Cli^i—i is sketched 
here. Numbers indicate the dimension of the particular Hilbert space for 
the output of CZi f_i and the output of their complementary channels <S^_j- 
In the lower row we further distinguish between the space occupied by the 
actual output k;£_i of the channel Sg_-^ (barred numbers) and its complex 
conjugated version (unbarred numbers). Vg is a depolarizing channel where 
A = (£ — + 1) and "D^ is a conjugate degrading map. 

Proof: [Proof of Theorem [1] All entanglement-breaking 
channels single-letterize the classical capacity quantity [20]. 
Since the complementary channels of cloning channels Cli^e-i 
are entanglement-breaking Cli^e-i are therefore also additive. 

■ 

Corollary 1: The previous theorem further shed some light 
on the properties of 1 —*■(€— 1) cloning channels. Invoking 
the result of Cubitt et al. [15] stating that all entanglement- 
breaking channels are anti-degradable it follows that all 
cloning channels Clij-i are also degradable. Degradable 
channels are known to possess a single-letter formula for the 
quantum capacity so this result confirms the same findings 



from Ref. [24] based on the property of conjugate degradabil- 
ity. 

Corollary 2: We are now able to explicitly write down 
the formula for the classical capacity. Since all Cli^i^i are 
covariant we suitably choose the coefficients a, (3 such that 
states £1 from Eq. (|9]l are diagonal {a — 1, /3 = 0). Then 

1 

^ A;=0 

where = l{l — l)/2. Hence, considering log/ — log^ in 
Eq. (|7]l, we get 




A potentially useful consequence of Lemma[T]is the fact that a 
composition of a cloning channel and a depolarizing channel 
o Chx-i ^ C/i,f_i o (holds for A = - !)/(£ + 
1)) is weakly additive (this is not needed for the purpose of 
this paper). Recall the definition of the depolarizing channel 
V^{q) = \q+{1- A)iW/^ for -1/(^2 _ 1) < A < 1 To 
prove the claim we make use of the following lemma. 

Lemma 2: Let M be an additive channel (weakly or not). 
Then if — C o J\f \s another channel, where C denotes 
complex conjugation, M is weakly additive as well. 

Remark 1: The map Al might not be always a CP map (for 
instance, if M is an identity channel). 

Proof: Using the fact that S{q) ~ S{g) we see that 
Choi(AA) = Choi(C o AA). Hence if Choi(AA®") = nCnoiW 
then Choi(A^®") = Choi((C o AA)®") = nCuoiiC o Af) 
because we are trying to maximize eigenvalues given by the 
same characteristic equation. But by definition the maximum 
for ChoKA/^*^") corresponds to a factorized input state and so 
such a state also maximizes Choi(A^®"). ■ 
Looking at Fig. |2]we can see why additivity of for £ > 3 
implies additivity of o Cli^-i. The reason lies in the fact 
that oCli,e-i composed with complex conjugation is equal 
to SI for all^. 

B. The classical capacity of the Unruh channel 

The output of the Unruh channels is a weighted direct 
sum of outputs of cloning channels CI1/-1 for all £. From 
Theorem [T] we know that the Holevo capacity of all of them 
is additive. This directly leads to the proof of additivity of the 
Holevo capacity for the Unruh channels itself. 

Theorem 2: The infinite-dimensional Unruh channel stud- 
ied in [21] is additive 
First, let us present a lemma. 

Lemma 3: Let A, B be additive and covariant but other- 
wise arbitrary finite-dimensional channels whose input Hilbert 
spaces are of the same dimension. Then a channel Q : 
^{^) ^{^A ® -^b) is additive for any ensemble 

Proof: The channel output is unitarily equivalent to 

Q ^ qAQA ® qsQB = |0)(0| ® qAQA + ® QbQB- (16) 

Defining T to be an arbitrary channel we see that for any input 
pure state lo of the channel Q ®T the output state is a block- 
diagonal matrix a — qA{A® T){lo) ® qisiB (E) T){lo). Thus, 
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S{a) = S{{qA,qB})- 
Hence 



-qAS{{A®T){u;))+qBS{{B<E,T){uj)). 



5--(g®r) = S{{qA,qB}) + qArmn{S{iA(g>T){Lo))} 

+ qBmm{S{{B(E)T){uj'))} 

= S{{qA,qB}) 

+ qAS{A{v)) + qBS{B{^)) + 5™»(r) 

= 5(g((,9)) + 5™"(r) (17) 

using the properties of A and B. ■ 
Proof: [Proof of Theorem 121 The proof is a direct 
appHcation of the previous lemma since the Unruh channel 
happens to be U{tf) — wC/i,^_i(</5) where pi — 

(1 - zfz'^-'^{l - 1)^/2,0 < z < I. The channel ul'f) is 
the same channel as in Eq. Q where it is written in the Fock 
space representation. 

We show using the block-diagonal structure of the output 
state and the unitary covariance of the Unruh channel that the 
inductive process described above approximates the channel 
output with an arbitrary precision for any input qubit. Namely, 
let us denote a partial sum ck = X)^2P^- S^*- 



1 



CK = -{2+2{K^-l)z''-K{K 



(18) 

and so ImiK^oo ck — ^ for all < z < 1. ■ 
Remark 2: Note that the channel input for otherwise 
infinite-dimensional Unruh channel is naturally energy con- 
strained since the set of input states is limited to qubits. 

Corollary 3: Theorem|2] enables us to bring up the formula 
for the classical capacity of the Unruh channel. Using Eq. ^ 
and the covariance of the Unruh channel we get 

oo oo i—1 

C(ZY) = l-^p,log(^-l) + ^^^fclogfc. (19) 
e=2 1=1 ^ fc=o 

The plot in Fig. [3] depicts the Holevo capacity as a function 
of the parameter z. 

IV. Degrading map construction 

Let us attempt to construct degrading maps for several 
low-dimensional cloning channels Cl\^i-\ we studied in the 
previous section. 

We first analyze the case f = 3. Looking at Eqs. ^ and 
( [Tol l we see that the complementary output of every Cln^\ is 
effectively conjugated with respect to the channel output. This 
fact together with the unitary covariance of cloning channels 
leads to the condition similar to Eq. (|6]l 



(20) 



where the presence of bars is the result of complex conjuga- 
tion. In this case, r2 and ri is the two- and three-dimensional 
irrep of g d G = SU{2), respectively. This is, however, the 
same as the contravariance condition 



Vsingrl) ^ r2{g)V3{g)r2{g)'' 



(21) 



By rephrasing this condition within the Choi-Jamiolkowski 
isomorphism [23] we get 



0.9 
0.8 

" 0.6 

O 
o 

S 0.4 

o 

X 

0.3 
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0.3 0.4 0.5 0.6 



Fig. 3. The Holevo capacity for the Unruh channel as a function of z. Recall 
that z itself is a function of the proper acceleration of a non-inertial observer. 
Note that in the limit of infinite acceleration (z 1) the capacity converges 
to a non-zero valu e. T his value is the same as the capacity for CZi f_i for 
£ — > oo from Eq. (15) since the peak of probability distribution is 'moving' 
towards infinity with growing acceleration. 



when i?u3 is a positive semidefinite matrix corresponding to 
the CP map V^. One of Schur's lemmas dictates Rxi^ = 
0j CiHi where Ci > and 11^ are projectors into the subspaces 
of the split product [2] ^ [3] = [2] ® [4] and thus R-p^ = Rva- 
We insert R-p^ into Vsiss.J = Tr.in [{tout £3,J Rv^] 
since we are looking for such /Jpg that K2 — '^^{es) where 
(index in omitted) 



1 



■2|a|2 y/2af3 
£3-^1 V2aP 1 V2aP 
^ V2a(3 2[ 

■ P + 1 aP 



aP |/3p + 1 



(23) 
(24) 



In other words, we maximize the fidelity between these 
two states checking whether it reaches one for some ci , C2 
considering the constraints ci,2 > and Tiout [Rvs] — l*-'^-'- 
Because we are dealing with mixed states, we use the fidelity 
expression due to Bures which simplifies for two-dimensional 
matrices [25] as 



[Rv3,r2 



ri 







(22) 



2VDet[I?3(£3)]Det [k2]. 

(25) 

As expected from the results in section IIII-AI the fidelity 
reaches one. In general, the decomposition Rjj^ = - Cilli 
might be difficult to determine. Nevertheless, the good news is 
that an ansatz can be made. Following the lowest-dimensional 
exact solutions for the form of the degrading maps of CZi,2 
and Cli^3 we observe that the only surviving coefficient Ci 
from the expression for the Jamiolkowski matrices is the one 
accompanying the highest irrep of the SU{2) tensor product. 
Indeed, applying this guess on a few more 1 (£ — 1) 
cloning channels (i — 5,6,7) it always yields the sought 
degrading map. So we know that Clu-i are degradable and 
the construction of the degrading maps might be hard for large 
£ but verification of the ansatz is very fast even for large i. 
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V. Conclusions 

The general non-additivity result for the classical capacity of 
quantum channels is in some sense very satisfactory. Not only 
did entanglement prove to be useful for the transmission of 
classical information but it will spark even more effort to find 
out what makes a channel (non-)additive. Also, some novel 
strategies may be found to prove (non-)additivity for particular 
channels as it is now known that there is no general proof. In 
this paper we investigated an infinite family of channels we 
call 1 — > {£ ~ 1) cloning channels {£ = 2 . . . oo) which are 
the incarnations of universal quantum cloning machines for 
qubits. To prove additivity of the Holevo capacity for cloning 
channels we used the fact that cloning channels enjoy the 
property of being conjugate degradable channels. Conjugate 
degradable channels akeady prove to be a useful concept 
since it is known that their quantum capacity has a single- 
letter formula. We have therefore found an infinite family of 
channels for which both the classical and quantum capacity is 
easily calculable. Also, we were able to prove that 1 {£— 1) 
cloning channels are degradable. Furthermore, using the fact 
that cloning channels are intimately related to an infinite- 
dimensional channel called the Unruh channel we were also 
able to present the additivity proof of the Unruh channel which 
otherwise seems intractable. The infinite-dimensional Unruh 
channel is now a member of a rare family of channels with 
both capacities easily calculable (together with a dephasing 
channel) since the existence of a single-letter quantum capacity 
formula has been proved elsewhere. This result might find an 
important future application in quantum field theory in curved 
spacetime considering the prominent role the Unruh channel 
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